With the help of a generalized Raychaudhuri equation non-expanding null surfaces are studied in an arbitrary dimensional case. The definition and basic properties of non-expanding and isolated horizons known in the literature in the four-and three-dimensional cases are generalized. A local description of the horizon's geometry is provided. The zeroth law of black-hole thermodynamics is derived. The constraints have a similar structure to that of the fourdimensional spacetime case. The geometry of a vacuum isolated horizon is determined by the induced metric and the rotation 1-form potential, local generalizations of the area and the angular momentum typically used in the stationary black-hole solutions case.
Introduction
The theory of non-expanding and isolated horizons in four-dimensional spacetime [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] is a quasi-local approach to a black hole in equilibrium. A horizon is a compact, spacelike 2-surface expanding at the speed of light, however, not changing its area element. No symmetry assumptions are made about a spacetime neighbourhood surrounding the horizon. In fact, generically there is no Killing vector [11] . The parameters characterizing stationary black-hole solutions, such as the area and the angular momentum, are replaced by appropriate local fields [4, 12] . Despite this enormous change in the number of the degrees of freedom, the zeroth and the first law of black-hole thermodynamics still hold (see also [13, 14] ). On the other hand, an interest in higher-dimensional black-hole solutions is growing [15] [16] [17] [18] [19] . The goal of the current and a forthcoming paper [20] is a generalization of those results to the higher-dimensional case. Whether or not the generalization would be straightforward was a priori not known. In the calculations concerning the four-and three-dimensional [21] cases the Newman-Penrose formalism (and its adaptation to three dimensions) was used many times, for example in the proof of the zeroth law.
We consider an n-dimensional spacetime of the signature (−, +, . . . , +) and arbitrary n > 2. First, we derive a higher-dimensional Raychaudhuri equation for a null, geodesic flow. This is an easy generalization of the derivation one can find in [22] .
Next, we study non-expanding null surfaces. Our considerations are local, therefore the results may be applied to the surfaces of arbitrary topology. Assuming the usual energy inequalities (classical), we find that the vanishing of the expansion of a null surface implies the vanishing of the shear. Consequently, the spacetime covariant derivative preserves the tangent bundle of each non-expanding null surface, and induces a covariant derivative therein. The induced degenerate metric tensor and the induced covariant derivative (partially independent of each other) constitute the geometry of a non-expanding null surface. The geometry is the subject of our study. The induced degenerate metric tensor can be locally identified with a metric tensor defined on the (n − 2)-dimensional space of the tangent null curves. We do not find any restrictions on that n − 2 metric tensor. The rotation of a given non-expanding null surface is described by a differential 2-form invariant derived from the covariant derivative, the rotation 2-form. Its properties imply the zeroth law upon quite weak energy conditions. The remaining components of the surface covariant derivative-briefly speaking, the shear and expansion of a transversal null vector field-are subject to constraint equations which dictate a null evolution along the surface.
The constraint equations become particularly important in the case of a surface admitting a null symmetry, called an isolated null surface. Due to them, in the vacuum case, the whole geometry of a given non-extremal 4 null isolated surface is locally characterized by the induced degenerate metric tensor, the rotation 2-form (or even by their pullbacks to a spacelike (n − 2)-dimensional subsurface) and the value of the cosmological constant. We also derive the equations constraining the induced metric and the rotation 2-form in the vacuum extremal isolated null surface case.
In the last section, we apply our local results to the non-expanding and isolated horizons, which are defined by assuming the existence of a global, compact spacelike cross-section and the product structure.
Our characterization of the geometry is used in a coming paper [20] to introduce a canonical framework for the isolated horizons and to derive the first law in a way analogous to the four-and three-dimensional cases.
Assumptions and notation convention
We consider a manifold M of the dimension n > 2 (our primary interest is in the case n > 4). M is equipped with a (pseudo) metric tensor field g αβ of the signature (−, +, . . . , +) (one minus and n − 1 pluses) and the corresponding Levi-Civita connection ∇ α . The corresponding Riemann 5 , Weyl, Ricci and Einstein tensors are denoted, respectively, by
C α βγ δ , (n) R αβ and (n) G αβ . We often refer to the Einstein equations, which read
The following (abstract) index notation will be used in this paper.
(i) Indices of the spacetime tensors will be (and have already been) denoted by lower Greek letters: α, β, γ , δ . . . . (n − 2)-dimensional spaces (the quotient of a null space by the null direction, the space tangent to a spacelike section of a null surface, the space tangent to the manifold of null curves in a null surface).
Null geodesic flows, null surfaces

Null geodesic flows, generalized Raychaudhuri equation
Consider a null geodesic vector field , that is a null vector field such that
where κ ( ) is an arbitrary function. We are assuming that is a section of a sub-bundle L of the tangent bundle T M whose fibres are one dimensional (the assumption is satisfied by every nowhere-vanishing ). It follows from (2.1) that the sub-bundle L ⊥ ⊂ T M consisting of all the vectors tangent to M and orthogonal to the fibres of L is preserved by the flow of the vector field . Therefore, the null flow determines an evolution of tensors defined in the fibres of L ⊥ . Particularly important will be for us the tensor
by the restriction of the spacetime metric tensor g αβ (x) . The induced tensor is often referred to as the degenerate metric tensor. Indeed, for every point x ∈ M, q ab (x) is symmetric and being defined in the
, it has the signature (0, n). The evolution of the field q ab defined by the null flow is just 
The null flow evolution of B ( )
To read from this equation the equation of the null flow evolution of q ab it is convenient to consider the quotient bundle L ⊥ /L, whose fibre at every 10) and in particular 11) it is often convenient to choose a section o of the bundle L such that
in (2.1). The evolution of the correspondingB
In particular,
where
R µν is the spacetime Ricci tensor and the capital indices are raised with the inverse metric tensorq AB . Note that this geometric identity defines the dynamics of the geometrȳ q AB if we use the Einstein equations and replace the Ricci tensor by the matter energymomentum. This is a straightforward generalization of the famous Raychaudhuri equation in four-dimensional spacetime. The essential feature of this equation is still present in this n-dimensional case: all the terms on the right-hand side, exceptB
( o ) [AB] , are nonpositive, provided the Einstein equations hold and the energy condition
is satisfied by the matter. In particular, the non-negativity of σ ( ) AB σ ( )AB follows from the positive definiteness of the metric tensor fieldq AB .
We have not exhausted all the information contained in the tensor B ( ) αβ and in equation (2.6). We will go back to them in the context of the zeroth law of the non-expanding null surface thermodynamics. is the pullback to of the symmetric spacetime tensor ∇ β ∇ α r, so it is symmetric itself. As a consequence of (2.16), the Raychaudhuri equation reads 
Null surfaces
An (n−1)-dimensional submanifold in ML o θ ( o ) = − 1 n − 2 (θ ( o ) ) 2 − σ ( o ) AB σ ( o )AB − o µ o ν (n) R µν ,(2.
Non-expanding null surfaces
Definition
Suppose that given a null surface , for every point x ∈ the expansion θ ( ) of some non-trivial null vector field a tangent to at x vanishes,
Then, we say that is non-expanding. This is a property of the surface only, independent of a choice of . Indeed, it follows from (2.11) that if at a given point x the expansion θ ( ) vanishes, then the same is true for every other section of the bundle L.
The vanishing of the shear and
To learn more about the non-expanding null surface case, consider again a vector field a o , a section of the bundle L, such that
The vanishing of the left-hand side (the expansion θ ( o ) ) of (2.18) and the vanishing of the antisymmetric part ofB
3)
The first term on the right-hand side is non-negative. We assume the energy inequality (2.15) which makes the second term also non-negative. Hence, all of them necessarily vanish on . Moreover, it follows from the positivity of the metric tensorq AB and the symmetry of σ 
Property (i) above combined with a q ab = 0 means that locally q ab is the pullback of certain metric tensor fieldq AB defined on an (n − 2)-dimensional manifoldˆ . The manifoldˆ is the set of the null curves tangent to the null direction bundle L in an appropriate neighbourhood ⊂ open in , and the map is the natural projection,
The induced covariant derivative
If the assumptions of theorem 3.1 are satisfied, then for any vector fields X, Y , sections of the tangent bundle T , the covariant derivative ∇ X Y is again a vector field tangent to . Indeed, it is easy to see that ∇ X Y is necessarily orthogonal to , 
Further conditions on the Riemann tensor necessary at
The conclusions of theorem 3.1 lead to stronger restrictions on the Riemann tensor at , namely R aβ β , (3.19) a section of the cotangent bundle T * . Due to the vanishing of
is the pullback of someR 
(3.21) Combining this result with condition (3.14) on the Riemann tensor one can obtain the following condition on the spacetime Weyl tensor at :
In the n = 4 case the condition means that the null direction tangent to the surface is a double principal null direction of the Weyl tensor. In [23] the Petrov classification of the Weyl tensor was generalized to an arbitrary dimension. The Weyl tensor was expressed in a frame built of real vectors (n, , θ (A) ) such that
• on a given n-dimensional manifold M the vectors (n, ) are null and normalized by the condition µ n µ = −1; • the spacelike vectors θ (A) constitute the orthonormal basis of the subspace of T M orthogonal to (n, ).
The proposed classification is based on the behaviour of the Weyl tensor under the boost
For a given (fixed) the Weyl tensor can be decomposed onto the sum of the terms C (b) , such that each of them transforms under the boost in the following way:
. The integer power b is called the boost weight. The weight of the leading term (denoted as the boost order B( )) depends on the only. Therefore for a given Weyl tensor one can distinguish the set of aligned vectors of the boost order B( ) 1. The Weyl tensor is classified as being of type I (II, III, N) if there exists a null vector of the boost order 1 (0, −1, −2), and there does not exist a null vector of a lower order. Condition (3.22) implies that the boost order of the null direction tangent to is at most 0, so the Weyl tensor is at least of type II with respect to the principal classification introduced in [23] and sketched above.
Rotation
The covariant derivative D a induced on preserves the null direction bundle L. Indeed, for every section a of L, and every vector field X a , a section of T , the vector field D X a is orthogonal to every vector Y a tangent to ,
where ω ( ) a is a 1-form defined uniquely on this subset of on which = 0 is defined. We call ω ( ) a the rotation 1-form potential, as a generalization of the (n = 4)-dimensional case [4] .
In four dimensions, the evolution of ω ( ) a along the surface upon the null flow is responsible for the zeroth law of the non-expanding horizon thermodynamics. Therefore, we study this equation in the current case. It is convenient to investigate the behaviour of the following object:
The right-hand side is given by (2.6), and after a short calculation it reads
where we used the fact that
The vanishing of the components 
hence the vector field a can be completely factored out,
If stronger energy condition (3.2) holds, then the last term above also vanishes (see section 3.4).
In conclusion, the evolution of the rotation potential is described by the following theorem: 
Theorem 3.3 (the zeroth law). Suppose is an
As one can see, its exterior derivative (in the sense of the manifold ) is the surface invariant,
We call it the rotation 2-form. Note that whereas the sections of the null direction bundle L were considered on locally, and so were the corresponding rotation 1-form potentials ω ( ) a , the rotation 2-form is defined globally on . An immediate consequence of theorem (3.3) is that whenever the assumptions are satisfied, the rotation 2-form is orthogonal to the bundle L, and Lie dragged by any (local) null flow defined by a section of L,
Therefore, the rotation 2-form ab is at every point x ∈ the pullback with respect to
(3.34)
Geometry and the constraints
Given a non-expanding null surface , the pair (q ab , D a ), that is the induced degenerate metric and the induced covariant derivative, respectively, is referred to as the geometry of . By a 'constraint' on the non-expanding surface geometry we mean here every geometric identity
R αβ ) = 0 involving the geometry (q ab , D a ) and the spacetime Ricci tensor at only. Part of the constraints is already solved by theorem 3.1(ii), that is by the conclusion that q ab be Lie dragged by every null flow generated by a null vector field tangent to . Another example of a constraint is the zeroth law (3.29), (3.30). A complete 8 set of the functionally independent constraints is formed by L q ab = 0 and by an identity satisfied by the commutator [L , D a ], where is a fixed, non-vanishing section of the null direction bundle L. We turn now to the second identity mentioned above.
Using formula (3.24), and using (3.14), after simple calculations one can express the value of the commutator [L , D a ] by the rotation potential, its derivative and the spacetime Riemann tensor, To spell out what the proportionality factor N ac is we need to recall that the degenerate metric tensor field q ab can be locally defined as the pullback (3.9) of the (n − 2)-dimensional metric tensorq AB defined on the manifold of the curves generating . The proportionality factor can be expressed by the pullback of the spacetime Ricci tensor and the pullback 9 of the Ricci tensor
R AB of the metricq AB , namely
(3.37)
Identities (3.36), (3.37) are the constraints in the sense explained at the beginning of this subsection. They become the gravitational part of the genuine Einstein constraints when the spacetime Ricci tensor is replaced by the cosmological constant part and by the energymomentum tensor of the matter field. As an example, later we will consider the vacuum case. We did not assume stronger energy condition (3.2) to derive (3.36), (3.37).
The contraction of (3.36), (3.37) with a is equivalent to (3.29). Hence, it defines the evolution of the rotation 1-form potential ω ( ) a already used in the proof of the zeroth law. Recall that locally there is a nowhere vanishing tangent, null vector field o on such that
The corresponding ω ( o ) is Lie dragged by the vector field o , provided the assumptions of the zeroth law are satisfied,
The meaning of the remaining part of the constraint (3.36), (3.37) is explained in the next subsection after we itemize the derivative D a into components and provide a more explicit form of equations (3.36), (3.37).
Elements of the non-expanding null surface geometry
Compatible coordinates, foliations
To understand better the elements of the covariant derivative D a induced on a null, nonexpanding surface , and to investigate further its relation with the spacetime Ricci tensor, we need to introduce an extra local structure on . Let a be a nowhere vanishing local section of the null direction bundle L. Given a , let v be a real function defined in the domain of a , compatible with a , that is such that
The function v exists provided we sufficiently reduce the domain of a . We will refer to v as a coordinate compatible with . The function v is used to define a covector field on ,
(4.2) 9 The first pullback is defined by the embedding → M, whereas the second one corresponds to the locally defined projection π : →ˆ of a neighbourhood ⊂ onto the space of the null curves in .
The covector field has the following properties:
(i) It is normalized in the sense that a n a = −1, (4.3)
(ii) it is orthogonal to the constancy surfaces˜ v of the function v.
The surfaces˜ v will be referred to as slices. The family of the slices is preserved by the null flow of , and so is n a ,
At every point x ∈ , the tensor
defines the orthogonal to a projection
onto the tangent space T x˜ v , where˜ v is the slice passing through x. Hence, instead ofX a we will writeX A , according to the index notation explained in the introduction. Applied to the covectors, elements of T * x M, on the other hand,q a b maps each of them into the pullback onto˜ v ,
Hence the result will also be denoted by using a capital Latin index, such as for exampleỸ A . The field n a could be extended to a section of the pullback T * M to of the cotangent bundle T * M, by the requirement that
Hence n a can be thought of as a transversal to null vector field from the spacetime point of view.
The elements of D a
Each slice˜ v of the foliation introduced above is equipped with the induced metric tensorq AB defined by the pullback of q ab (and of g αβ ) to˜ v . Denote byD A the torsion-free and metric covariant derivative determined on˜ v by the metric tensorq AB . All the slices are naturally isometric.
The covector field n a gives rise to the following symmetric tensor defined on :
Given the structure introduced in the previous subsection on locally (the null vector field a , the foliation by slices˜ v and the covector field n a ), the derivative D a defined on is determined by the following information:
• the torsion-free covariant derivativeD A corresponding to the Levi-Civita connection of the induced metric tensorq AB , • the rotation 1-form potential ω and referred to as the transversal expansion-shear tensor.
Indeed, for every vector field X a and every covector field Y a , the sections of T and T * , respectively, their derivative can be composed from the following parts:
where we have used the notation introduced in the previous section:
The careful reader will have noticed that all the components of the tensor S ab were used above, not only theS AB part. However, due to the normalization (4.3) the contraction of the tensor with the null normal to is equal to
(4.12)
The constraints on the elements of D a
The constraints satisfied by Therefore, by (3.37),
14)
The contraction of the expression with a reproduces the zeroth law. The remaining component, namely the pullback of L S ab onto a slice˜ v , determines the evolution of the transversal expansion-shear tensorS AB , 15) where the tilde consequently means the projection (4.7), and
R AB is the Ricci tensor of the metric tensor induced in slice˜ v (since locally, every slice v is naturally isometric with the space of the null curvesˆ equipped with the metric tensorq AB we denote the corresponding Ricci tensors in the same way).
Isolated null surfaces
Definition, assumptions, constraints
In this section we continue with the study of the non-expanding, null surfaces. We assume that the Einstein equations with a (possibly zero) cosmological constant hold on the surface, with the energy-momentum tensor T αβ , which satisfies stronger energy conditions (3.2). As was shown, these assumptions imply that the spacetime Ricci tensor satisfies (3.21) .
Let be a non-expanding null surface. Whereas the induced metric tensor is Lie dragged by every null vector field tangent to we could see that the remaining ingredient of the geometry, the covariant derivative, is subject to the null evolution equation (3.36) 
As a consequence, theorem 3.3 takes the familiar form of the zeroth law of black-hole thermodynamics, 
A characterization of the isolated null surface depends crucially on whether κ ( ) vanishes or not; therefore we define two types of the isolated null surfaces: 
Theorem 5.3 (extremal, isolated null surface). Suppose ( , [ ]) is an extremal isolated null surface contained in n-dimensional spacetime; then, for every (n − 2)-dimensional spacelike submanifold˜ transversal to the orbits of the null flow, the following constraint is satisfied,
D (Aω ( ) B) +ω ( ) Aω ( ) B − 1 2 (n−2) R AB + 1 2 (n)R AB = 0,(5.
R AB are, respectively, the torsion-free connection and the corresponding Ricci tensor of the metric tensorq AB induced on˜ .
In the vacuum case, the geometry of extremal isolated surfaces gives rise to an equation which can be formulated in a self-contained way. Given an (n − 2)-dimensional manifold , consider a pair q AB ,ω ( ) A , which consists of, respectively, a metric tensor field (of the Riemannian signature) and a differential 1-form. The equation reads 9) where is the cosmological constant andq AB is still defined by (4.7). In the case when˜ is compact and = 0, the equation has quite interesting properties. They were discussed in [25] in the n = 4 case. In particular, it was shown there that if˜ is topologically a 2-sphere, then the only axially symmetric solutions are those defined by the extremal Kerr solutions at their event horizons. The general solution to equation (5.9) is not known.
Non-expanding null surfaces admitting a two-dimensional null symmetry group
Given an isolated null surface ( , [ ]), a priori there may exist another null flow [ ] defining a symmetry of the geometry (q ab , D a ) and being another isolated null surface structure. In the 4-spacetime dimensions this non-generic case of two-dimensional null symmetry group was studied in detail (see [4, 25] ). In particular, an unexpected relation with the extremal isolated null surface constraints was discovered and used in the construction of examples [25] . It turns out that those results can be easily generalized to the surfaces embedded in a higher-dimensional spacetime. We are concerned with this issue in this subsection. Suppose then that a non-expanding null surface admits two distinct isolated null surface 
which allows us to determine the null evolution of f
By integrating this equation we obtain a solution whose form depends on the surface gravity κ
where v is a coordinate compatible with (defined via (4.1)) and B is an arbitrary real function constant along the null generators. Note that we used the zeroth law according to which the surface gravity is constant at the surface. The zeroth law relies on stronger energy condition (3.2) .
To determine the function B we need to use the remaining part of (5.12), namely its projection onto the slice˜ v (see (4.9), (4.10))
Without loss of generality we can restrict ourselves to the following cases:
In both of them equation (5.16 ) is equivalent to the following differential constraint for B: .8) for the geometry of the extremal isolated null surface. We will go back to the consequence of this result at the end of the following section.
Non-expanding horizons and isolated horizons
Thus far our considerations were purely local. No global assumptions concerning the null surfaces topology were made. The specific property of a quasi-locally defined black-hole is its compact character in spacelike dimensions. This notion has not been defined on the most general level. We consider in our paper the topologically simplest and, at the same time, the typical case of the Cartesian product structure:
Non-expanding horizons
Definition 6.1. A non-expanding null surface in an n-dimensional spacetime M is called a non-expanding horizon (NEH) if there is an embeddinĝ
such that
• is the image,
• R is the real line,
• for every maximal null curve in there isx ∈ˆ such that the curve is the image of {x} × R.
The base spaceˆ defined as the space of all the maximal null curves in can be identified with the manifoldˆ given an embedding used in definition 6.1. Whereas the embedding is not unique, the manifold structure defined in this way onˆ is unique. There is also a uniquely defined projection
In this section we consider a NEH . Of course, it inherits all the properties of the nonexpanding null surfaces. The following theorems are applications of the results of section 3 to the non-expanding horizons.
The first theorem summarizes the properties following from the weaker energy assumption (2.15): 
Theorem 6.2. Suppose is a non-expanding horizon in a spacetime M. Suppose at the spacetime Einstein field equations hold and the matter fields satisfy condition (2.15). Let be an arbitrary null vector field tangent to (in items (iii-vii) below); then (i) there is a metric tensor fieldq
is uniquely independent of ; (v) the rotation 1-form potential and the self-acceleration
(vi) the infinitesimal Lie transport of D a with respect to the null flow of is the following tensor:
R ac ) (6.8)
R AB is the Ricci tensor of the metric tensorq AB ; (vii) the following components of the pullback onto of the spacetime Ricci and Riemann tensor vanish:
In the previous sections we also considered stronger energy condition (3.2). The following theorem summarizes its consequences for a non-expanding horizon: • the rotation 1-form potential and the self-acceleration satisfy
• the pullback of the spacetime Ricci tensor and, respectively, the spacetime Weyl tensor onto is transversal to the null direction tangent to ,
We will consider now the non-expanding horizons where theorem 6.3 applies. In the case of the non-expanding horizons, there are globally defined, nowhere vanishing null vector fields a tangent to at our disposal. In particular, there is a vector field a o of the identically vanishing self-acceleration, κ ( o ) = 0. There is also a null vector field a of κ ( ) being an arbitrary constant 10 ,
The vector field a can vanish in a harmless, for our purposes, way on an (n − 2)-dimensional section of only. We fix one of the vector fields a (including ( a o )) throughout this section. We will also use a coordinate v compatible with the vector field a ( a D a v = 1), and the covector field n a (= −D a v), both introduced in section 4.1 defined on (except the zero slice of ). It follows from the zeroth law (6.11) that the rotation 1-form potential is Lie dragged by ,
(6.14)
We discuss below two independent consequences of this fact. The first one is the existence of a new invariant of the geometry of , a certain harmonic 1-form invariantly defined on the base manifoldˆ . The second one concerns the degrees of freedom of a general vacuum solution (q ab , D a ) of the constraints (3.7), (3.36), (3.37). A is not uniquely defined, though. It depends on the choice of the function v compatible with a , and on the choice of a itself. Given a , the freedom is in the transformations
The transformations a = f a which preserve condition (6.13) are given by (5.15), and it can be shown using (3.31) that the only possible form of the correspondingω ( ) A is again that of (6.16b) with possibly different function B. Therefore, if we apply the (unique) Hodge decomposition [26] onto the exact, co-exact and the harmonic part, respectively, toω (6.18)
The harmonic part ofω
A is the new invariant. It did not occur in the case of sphericalˆ considered in [4] . In the case of a general topology ofˆ , the invariant may be relevant. There are known non-trivial examples of black holes with non-spherical base spaces. For instance, in five dimensions there exists asymptotically flat, regular, axi-symmetric solutions (see [16] for details) of the horizon base space topology S 1 × S 2 . The space of harmonic 1-forms is finite dimensional, so the degrees of freedom identified with the harmonic component of the rotation 1-form potential are global in character.
Degrees of freedom. Let
a , v and n a be still the same, respectively, vector field, a compatible coordinate and a covector field introduced below theorem 6.3. The covariant derivative D a is characterized by the elements defined in section 4.2, subject to the constraints (3.36), (3.37). Suppose the vacuum Einstein equations with a (possibly zero) cosmological constant are satisfied on .
The geometry (q ab , D a ) can be completely characterized by the following data:
(i) the data defined on the space of the null geodesicsˆ :
• the projective metric tensorq (6.3)
• the projective rotation 1-form potentialω 
q AB otherwise. (6.19) A part of data depends on the choice of the vector field a and the compatible coordinate v. Given a such that κ ( ) = 0, the compatible coordinate v can be fixed up to a constant by requiring that the exact part in the Hodge decomposition of the projective rotation 1-form potentialω 
According to the zeroth law and (6.19) the above equation defines at each slice the same constraint for a NEH's geometry, and can be rewritten in terms of the objects defined on the base spaceˆ . Hence, the condition thatŜ AB be traceless takes the form of the following elliptic equation on the function B, Despite the fact that the lemma is quite surprising, the proof is not difficult. We leave it to the interested reader.
Given a null vector field a , we can repeat the definitions of section 3, and associate with it the surface gravity κ ( ) , and the rotation 1-form potential ω ( ) . Now, a vacuum Einstein constraint can be defined as an equation on the geometry (q ab , D a ) per analogy with the non-expanding null surface case. To spell it out we need one more definition. Introduce on a symmetric tensor (n−2) R ab such that for every (n − 2)-subsurface contained in the pullback of (n−2) R ab to the subsurface coincides with the Ricci tensor of the induced metric, provided the pullbackq AB of q ab is a non-degenerate metric tensor. The vacuum constraint is defined as
R ac , (6.26) and it involves an arbitrary cosmological constant .
Suppose now that =ˆ × R, (6.27) and the tensor q ab is the product tensor defined naturally by a metric tensorq AB defined in and the identically zero tensor defined in R. The analysis of sections 6.1.1 and 6.1.2 can be repeated for solutions of the vacuum Einstein constraint (6.26) . Again the base spaceˆ is equipped with the data of section 6.1.2, that is the projective: metric tensorq AB , rotation 1-form potentialω 
Isolated horizons
Definition 6.5. An isolated null surface ( , [ ]) such that the surface is a non-expanding horizon is called an isolated horizon (IH).
Consider an arbitrary isolated horizon ( , [ ])
. A generator of the null symmetry is defined globally on , and it is unique modulo the rescaling = a 0 by a constant a 0 . Therefore, the rotation 1-form potential ω is defined globally on and in an independent of the choice of ∈ [ ] manner (hence we will drop in this section the suffix ( ) on ω but keep it on the surface gravity). It follows from section 5 that for every isolated horizon ( , [ ]) the rotation 1-form potential is Lie dragged by the vector field , additionally the energy condition (2.15) is satisfied necessarily and the left-hand side of (6.8) is assumed to be zero. R ab = 0; (6.30) (iv) in the case when stronger energy condition (3.2) holds, the tensor S ab has the form S ab = π * Ŝ ab − 2ω (a n b) − κ ( ) n a n b ; (6.31) whereŜ AB is a symmetric tensor defined onˆ ; (v) the constraint (4.15) applied to S ab above reads κ
where by
(n)R AB we denoted the tensor uniquely defined onˆ such that π * (n)R
The classification of the isolated null surfaces with respect to whether κ ( ) vanishes or not applies to the isolated horizons, therefore we call an isolated horizon extremal whenever κ ( ) = 0, and non-extremal otherwise. 
Since is a non-expanding horizon, its geometry can be characterized by the data (i) and (ii) discussed in section 6.1.2. Now, however, the data satisfy an extra constraint following from (5.7), namelŷ
in (6.19) . Therefore, in the non-extremal isolated horizon case, given a generator of the flow [ ], the geometry (q ab , D a ) is completely determined by the projective metric and the projective 1-form potential (q AB ,ω A ) defined on the base manifoldˆ , provided the surface gravity κ ( ) and the cosmological constant are given. The discussion of the gauge degrees of freedom in the data of section 6.1.2 applies, except that in this case the null flow [ ] is given. The dataq ab andω A are free in the sense of section 6.1.3.
Degrees of freedom-the extremal case.
In the extremal case, on the other hand, the vacuum isolated horizon constraints (5.7) do not constrain the projective transversal expansionshear dataŜ o AB at all. On the other hand, the projective metric tensorq AB and the projective rotation 1-form potentialω A necessarily satisfy a constraint
The general solution to this equation is not known even in the case of four-dimensional spacetimes; however, the number 1 2 n(n − 1)(n − 2) of the equations is in the space of the solutions to the constraints (5.1) equal to the number of the independent variables: 1 2 (n − 2)(n − 3) for the metric [27] plus n − 2 for the rotation. Therefore, one can expect that extremal isolated horizons should be described by the global degrees of freedom.
In the extremal case, as opposed to the non-extremal case, the projective rotation 1-form potentialω A is uniquely defined onˆ , including the exact part. The projective transversal expansion-shear tensorŜ AB , on the other hand, is still the choice of the compatible coordinate v dependent. The transformation of projective tensorŜ
The trace of this equation with respect toq AB becomes an elliptic PDE for the function f . Therefore generically there is a possibility of distinguishing the coordinate v (and the corresponding family of sections of ) by the requirement that the trace ofŜ AB , as well as the trace ofS AB , be zero. Finally, in the sense of section 6.1.3, the degrees of freedom in the space of the extremal isolated horizons, solutions to the constraints (5.1) are given by the solutions (q AB ,ω A ) of the constraint (6.35), and the traceless part of the transversal expansion shear tensorŜ AB .
Non-expanding horizons with two-dimensional null symmetry group
In the four-dimensional case (see [4] ) there exist non-expanding horizons which admit a twodimensional group of the null symmetries. In section 5.2 we investigated the conditions for the existence of more than one null symmetry of an isolated null surface in arbitrary dimension. In this section we will investigate further the geometries of the isolated horizons admitting more than one null symmetry. We will show the following theorem: where the function f is of the form
where the function B is constant along the null curves in , and the necessary and sufficient condition (5.17) for the function B thought of as a function B :ˆ → R can be rewritten in terms of the data defined on the base manifoldˆ of the null curves:
should be considered as a tensor, not as an operator. Note, however, that the function B is independent of the surface gravity of another vector field we construct with, therefore, either κ ( ) = 0, or, given the functions f and B, we can define a new function f , 
The covariant derivative of the above equation determines the transformation S ab → S ab :
Taking the Lie derivative of this formula with respect to and taking into account that L S ab = L S ab = 0 we get the following result:
Therefore the pullbackS AB of S ab identically vanishes, and so does the projective partŜ AB defined by (6.19 ).
In the case when both the symmetries and admit extremal isolated horizon structures equation (6.40) takes the following form:
Together with the constraint (6.35) the equation above forms an overdefined system involving the dataq,ω ( ) . The non-existence of the solutions to the system in the case of the horizon embedded in a four-dimensional electrovac spacetime with vanishing cosmological constant was shown in [4, 25] ; however, one cannot expect to repeat this result in the general case. It seems that the answer for the question whether the solutions to the system (6.35), (6.47) do exist requires an analysis for each case of the assumed dimension and the topology of a horizon base space separately.
Conclusion
It turns out that the basic properties of null, non-expanding surfaces are not sensitive to the spacetime dimension. We have discussed only those properties which were found relevant in the four-dimensional case. The exception is the characterization of the surfaces admitting a two-dimensional group of null symmetries and the relation with the extremal isolated surface constraint.
A new element in the characterization of the non-expanding, null surfaces is the harmonic 1-form invariant defined by the rotation 1-form potential on the space of the null generators of the surface.
field satisfying (A1) we can consider the cosmological constant represented as a matter field T µν = − g µν . For negative the stronger energy condition (3.2) does not hold any longer (−T ν ν ν is past-oriented) but equality (A1) is still true. Consider now the most general situation when nothing about the energy-momentum tensor is assumed. Then the statements of theorem 6.2 are no longer true: the shear of the NEH does not have to vanish because the |σ ( ) | 2 term in the Raychaudhuri equation can be balanced by the negative (n) R . The presence of shear affects the entire geometrical structure. For example, only the area form of the metric tensorq AB is preserved by the null flow
Moreover, the spacetime covariant derivative does not preserve the tangent bundle of the horizon. Therefore, the internal connection D of the horizon must be introduced another way than (3.11) and none of the statements in section 6.1 will hold. One of methods to deal with the problem is to restrict investigated objects to the nonexpanding shear-free horizons defined as the null surfaces equipped with a metric q preserved by the null flow. The restriction makes sense as the NEHs admitting the isolated horizon structure (which includes also Killing horizons) necessarily have to belong to this class. Note that for that class of the horizons condition (2.15) is satisfied due to the Raychaudhuri equation, so the discussion in the main body of the paper applies here.
The other restriction we can make is to impose the weaker energy condition (2.15) only. This case has been investigated thorough the main part of the paper: the statements of theorem 6.2 are true for the considered NEH, whereas those for theorem 6.3 are not. Note that however the horizon can no longer be of type II in principal classification, the component (n) C a b still vanishes, so the horizon is at least of type I (remaining algebraically special).
A.2. Isolated horizons
If we assume that the horizon admits an isolated horizon structure, its shear and Ricci component (n) R vanish due to the existence of a null symmetry without any assumption imposed on the energy-momentum tensor of the matter fields.
Because of the modification of the zeroth law the statement κ ( ) = const must be replaced by the following one:
so the 'surface gravity' defined as a ω a becomes a function constant along the null generators
Now without any additional energy assumptions the division into the non-extremal and extremal IH structures is no longer valid as the structures with κ ( ) = 0 at some open subset of˜ and κ ( ) = 0 elsewhere are possible. Therefore the structure of the constraint (6.32) (so the structure of the local degrees of freedom) can be different at distinct open subsets of the horizon base space.
The problem of classification (and description of the degrees of freedom) can be dealt with by imposing other assumptions which are satisfied by some class of exotic matter fields.
As the (spacetime) energy-momentum tensor of the matter fields is necessarily divergence free, the following constraint is true in particular at the horizon: 
then according to the vanishing of L q AB and (A4) the equation can be rewritten as a PDE defined on the base space:
The equation is now a homogeneous elliptic PDE defined on a compact manifold. The assumed condition is equivalent to (A8). When it is satisfied by the matter fields the partition defined in corollary A.1 can be used instead of the partition proposed in section 6.2. The structure of the constraint (6.32) then remains global.
